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ABSTRACT 
A two-dimensional model i s  used t o  perform computer experiments f o r  a 
co l l i son le s s  s e l f -g rav i t a t ing  system. The g rav i t a t iona l  f i e l d  i s  obtained by 
solving t h e  Poisson equation and t h e  system i s  advanced stepwise i n  time. Com- 
puter  simulations have been performed f o r  systems with an i n i t i a l l y  uniform d i s -  
t r i b u t i o n  over a c i r cu la r  or  e l l i p t i c a l  region i n  x-y space, zero thermal 
ve loc i ty ,  and with given values  of i n i t i a l  solid-body ro ta t ion .  
10 000 stars a r e  used i n  t h e  calculat ions.  A s  such systems evolve i n  time 
they d isp lay  t h e  var ious shapes observed i n  ac tua l  galaxies.  It i s  found t h a t  
some of t h e  ca l cu la t ions  r ecen t ly  reported canriot be considered co l l i s ion le s s .  
Up t o  
INTRODUCTION 
Actual s te l la r  systems, such as galaxies, contain about stars of 
s u f f i c i e n t l y  l a r g e  average separation so that  binary encounters between stars 
can be  neglected.  S t e l l a r  systems can therefore  be described by t h e  co l l i s ion-  
l e s s  Boltzmamn equation. 
systems on a computer one would l i k e  t o  follow t h e  motion of a t  l e a s t  several  
thousand masses o r  stars. Hohl and Feix (refs .  1 and 2 )  and Lecar ( re f .  3)  
used one-dimensional sheet models t o  study the  evolution of s e l f -g rav i t a t ing  
systems. 
sphe r i ca l  mass s h e l l s  i s  followed has been used by Henon ( r e f s .  4 and 5 ) .  
Recently Hockney ( r e f .  6 )  and Hohl ( r e f s .  7 and 8) introduced a two-dimensional 
I n  order t o  simulate t h e  evolution of such s t e l l a r  
A similar model where the  motion of  a l a rge  number of concentric 
a 
model where t h e  stars a r e  represented by i n f i n i t e l y  long mass rods. I n  t h e  
present  paper t h e  r e s u l t s  of some simple experiments w i t h  t h e  two-dimensional 
model are given. The ca lcu la t ions  show t h a t  s p i r a l  and other  s t ruc tu res  similar 
t o  those of some a c t u a l  s t e l l a r  systems can be obtained by purely g rav i t a t iona l  
e f f ec t s .  
DESCRIPTION OF THE MODEL 
The model cons is t s  of a l a rge  number of rods of mass m per  u n i t  length 
and t h e  rods are of i n f i n i t e  extent i n  t h e  z-direction. These rods move i n  
t h e  
The system of mass rods i s  advanced i n  time i n  t h e  following manner. F i r s t ,  
t he  d i s t r ibu t ion  of mass p(x,y) i s  used t o  obtain t h e  g rav i t a t iona l  p o t e n t i a l  
cp( x,y) by numerically solving the  Poisson equation. Second, t h e  g r a v i t a t i o n a l  
f i e l d  at t h e  pos i t ion  of t h e  p a r t i c l e s  i s  computed from t h e  p o t e n t i a l  
Third, using Newton's l a w s  t h e  motion of a l l  t h e  mass rods i s  advanced f o r  a 
constant time s t ep  6t .  These th ree  s t eps  represent  one cycle and they a r e  
x-y plane under t h e  ac t ion  of t h e i r  mutual g rav i t a t iona l  a t t r a c t i o n .  
cp(x,y). 
repeated u n t i l  t h e  desired evolution of t h e  system i s  achieved. 
The c ruc ia l  po in t  i n  t h e  computations i s  t h e  so lu t ion  of t h e  Poisson 
equation. 
small f rac t ion  of t he  cycle  time. 
s t ep  6 t  t h e  mass d i s t r i b u t i o n  p(x,y) w i l l  not change very much. The 
change i n  t h e  g rav i t a t iona l  p o t e n t i a l  w i l l  then a l s o  be very s m a l l .  Thus, t h e  
so lu t ion  of t he  f i n i t e  d i f fe rence  form of t h e  Poisson equation by an i t e r a t i o n  
method which uses  t h e  p o t e n t i a l  from t h e  previous cycle  as an i n i t i a l  guess 
w i l l  converge very rapidly.  
Poisson equation i s  continual.ly checked during t h e  ca lcu lu t ions .  
It i s  des i rab le  t h a t  t h e  t i m e  required f o r  t h i s  process be only a 
If t h e  system i s  advanced for a s m a l l  time 
The accuracy of t he  i t e r a t i v e  so lu t ion  of t he  
This i s  done 
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by obtaining t h e  values of t h e  p o t e n t i a l  and t h e  f i e l d  at severa l  se lec ted  
poin ts  by swnming d i r e c t l y  t h e  contr ibut ion from each star. The values so 
obtained agree with those obtained from the solut ion of t he  Poisson equation 
t o  at l e a s t  t h e  f irst  th ree  d i g i t s .  For a 10 000 s t a r  system with a 
101 x 101 g r id  t o  solve the  Poisson equation t h e  cycle time i s  7 seconds on t h e  
Langley Research Center’s CDC 6600 data  processing system. This  time includes 
such operations as  t h e  checking of t h e  grav i ta t iona l  po ten t i a l ,  t h e  ca lcu la t ion  
of t h e  energy and angular momentum, and wri t ing t h e  pos i t ions  and v e l o c i t i e s  
of a l l  stars on tape. 
To solve t h e  Poisson equation one f i r s t  requi res  t h e  boundary conditions 
around t h e  rectangular  mesh. The po ten t i a l  at an a r b i t r a r y  boundary point 
z = x + i y  can be wr i t ten  as 
where zn,, - G , ~  + iy,,, i s  t h e  coordinate of t h e  c e l l  n,m of t h e  rectang- 
u l a r  mesh, pn,m i s  t h e  mass densi ty  i n  that  c e l l  and G i s  t h e  g rav i t a t iona l  
constant. Equation (1) can be wr i t t en  as 
q(x,y)  = 2GNm l n ( z 1  + 2G 1 p,,, R e l n ( 1  - vi] 
n, m 
where N 
only f o r  
s t h e  t o t a l  number of stars i n  the  system. Since p,,, i s  nonzero 
n’m < 1, equation ( 2 )  can be wr i t ten  a s  “I Z 
where 
k 
ak = L Pn,mzn,m (4 )  
and t h e  se r i e s  expansion f o r  ln( l  - Z:m) has been t runcated a f t e r  15 terms. 
The Poisson equation 
+ = 4nGp(x,y) 
ax2 ay2 
( 5 )  
i s  solved by using t h e  standard f ive-point  difference equation 
represents  t h e  number of mass rods i n  t h e  
n,m 
where clx = Ay = 1 so t h a t  p 
c e l l  n,m. 
on t h e  CDC 6600 da ta  processing system i n  t h e  form 
This set of simultaneous equations i s  solved by an i t e r a t i o n  method 
The superscript  r r e f e r s  t o  the  r t h  i t e r a t i o n  and t h e  parameter 7 i s  
adjusted t o  give t h e  maximum r a t e  of convergence. 
The d i f f e r e n t i a l  equations of motion f o r  t h e  stars a r e  
2+ d R j  
d t2  
-= z(3j,t) 
3 3 
where R i s  t h e  pos i t ion  of a star and K i s  t h e  g r a v i t a t i o n a l  f i e l d .  The 
evolution i n  time of t h e  p a r t i c l e  t r a j e c t o r i e s  i s  given by t h e  f i n i t e  d i f fe rence  
4 
approximation 
where - dz was approximated by t h e  backward difference 
dt  
Equations which were found t o  be as accurate a s  equations (10) and (11) 
but which requi re  fewer computer operations a r e  
+ 
v . t + E t  J ( T )  - T   j ( t - F) + 6tifi(Zj,t) (1-3) 
The term 
b i l i t y .  
i n  equation (11) was introduced t o  remove a computational i n s t a -  
d t  
Similar ly ,  t h e  use of t he  new ve loc i ty  i n  equation (14)  removes an 
unconditional computational i n s t a b i l i t y .  
The k i n e t i c  energy of t h e  system i s  
and t h e  p o t e n t i a l  energy i s  
N 
where t h e  summation goes t o  N, t h e  number of s t a r s  i n  t h e  system. The t o t a l  
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energy of t h e  system U remains constant and i s  
U = T + P  (17) 
The relaxat ion time ( r e f .  9 )  f o r  t h e  two-dimensional model i s  of i n t e r e s t  
t o  determine f o r  how long the  system can be t r e a t e d  a s  co l l i s ion le s s .  
Consider an encounter between a rod of mass m and ve loc i ty  V with a 
s ta t ionary  rod of mass M. If D i s  t h e  dis tance of c losest  approach (impact 
parameter) then t h e  t ransverse force ac t ing  on t h e  moving s t a r  during a time 
2D/V can be  approximated as 2GmM/D. The moving s t a r  has therefore  acquired 
a t ransverse ve loc i ty  
6V 2 4GM/V 
For a s t a r  i n t e rac t ing  with a system containing many s t a r s  t h e  e f f ec t  of many 
individual encounters must be summed. The number of encounters i n  a t ime t 
with impact parameter between D and D -t dD i s  tVn dD where n i s  t h e  
densi ty  of stars i n  t h e  system. The expectation value of VL2 i s  then given 
bY 
D m a x  
16tnG2M2 
V 
= 16t nG2M2Dm,/V 
s ince  i n  general  Dmax >> Dmin  where Dm, i s  t h e  dimension of t h e  system. 
The re laxat ion time T~ i s  defined t o  be t h e  time required f o r  < V T ~ >  t o  be 
of t h e  same order of magnitude as V2. The v e l o c i t y  V i s  taken t o  be t h e  
cha rac t e r i s t i c  ve loc i ty  v - where T = ;ifi//=m i s  t h e  r o t a t i o n  
g - Dmax/Tg k3 
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period of a uniform c i r cu la r  d i s t r ibu t ion  of mass rods with t h e  cent r i fuga l  
force equal t o  t h e  g rav i t a t iona l  a t t r ac t ion .  Equation (19) then becomes 
V 3  
Tc = 
16nG2m2&, 
where M = m. 
given by 
The r a t i o  of t h e  r e l a t i o n  time t o  t h e  ro t a t ion  per iod i s  then 
Equation (21) i s  only a rough estimate but it nevertheless  i nd ica t e s  t h a t  f o r  
N equal t o  a f e w  thousand, c o l l i s i o n a l  e f f ec t s  can be expected t o  become 
important a f t e r  only a few ro ta t ions .  
RESULTS AND DISCUSSION 
Computer simulations have been performed f o r  a number of systems with an 
i n i t i a l l y  uniform d i s t r ibu t ion  over a circular  or e l l i p t i c a l  region i n  
coordinate space, zero thermal veloci ty ,  and various values of i n i t i a l  so l id-  
body ro t a t ion .  I n  pa r t i cu la r ,  systems with a r a t i o  of minor axis a t o  major 
axis b equal t o  3, and with an i n i t i a l  solid-body ro t a t ion  given by 
x-y 
= 8NmG/(a + b ) 2  
have been inves t iga ted  i n  d e t a i l .  
2000 stars with a 51 x 51 g r id  t o  solve t h e  Poisson equation, c o l l i s i o n a l  
e f f e c t s  caused su f f i c i en t  randomization t o  destroy t h e  s p i r a l  s t ruc tu re  a f t e r  
only 2 t o  3 ro t a t ions .  
t i o n  G = m = 1 were used i n  t h e  calculat ions and t h e  time i s  shown i n  ro ta -  
t i o n  per iods  I - ~  = 2n/mg. 
It was found that fo r  a system containing 
The r e s u l t s  are shown i n  f igu re  1 t o  3. The normaliza- 
Figure 1 shows the evolution of t h e  2000-star system 
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i n  x-y coordinate space. The evolution of t h e  ve loc i ty  d i s t r i b u t i o n  i n  
V, - Vy Figure 3 shows t h e  evolution of t h e  
ve loc i ty  d i s t r ibu t ion  a f t e r  t h e  i n i t i a l  so l id  body ro t a t ion  has subtracted.  
The r ad ia l  ve loc i ty  Vr 
muthal veloci ty  and r 
I n i t i a l l y  t h e  thermal ( o r  random) ve loc i ty  of a l l  mass rods i s  zero. 
system evolves i n  time t h e  thermal ve loc i ty  bui lds  up and t h e  system expands i n  
Vr - (Ve - m) 
i n  the  veloci ty  d i s t r ibu t ion .  Thus, t h e  ca lcu la t ions  reported by Hockney 
( r e f .  6 )  with 2000 s t a r s  and a 48 x 48 g r i d  cannot be considered c o l l i s i o n l e s s  
space i s  shown i n  f igure  2. 
i s  p lo t t ed  versus (Ve - rug) where Ve i s  t h e  az i -  
i s  t h e  radius  from t h e  center  of t h e  system t o  a star. 
A s  t h e  
space. After a time t = 1.757 t he re  i s  l i t t l e  fu r the r  change 
g 
fo r  more than 2 ro ta t ions .  
f o r  2000 stars (with a 5 1  x 51  gr id) .  
l a t i o n s  were repeated with an i d e n t i c a l  i n i t i a l  e l l i p t i c a l  d i s t r i b u t i o n  but 
with 4000 s t a r s  and a 101 x 101 g r id  t o  solve t h e  Poisson equation. 
a r e  shown i n  f igures  4 and 5. 
a somewhat grea te r  s t a b i l i t y  but it s t i l l  tends t o  randomize a f t e r  about 
4 rotat ions.  The corresponding evolution i n  Vx - Vy ve loc i ty  space i s  shown 
i n  f igure  5.  
evolution i n  x-y coordinate space i s  shown i n  f i g u r e  6. The evolution of ye t  
another system with 20,000 stars was computed up t o  four ro t a t ions  and it 
resu l ted  i n  a s t ruc tu re  near ly  i d e n t i c a l  t o  t h a t  shown i n  f igu re  6. 
appears tha t  i n  order t o  simulate c o l l i s i o n l e s s  systems f o r  t h e  f i rs t  
t ions ,  nearly 2n x l$ stars are required.  
t he  s p i r a l  s t ruc tu re  begins t o  randomize. 
a longer time ca lcu la t ions  a r e  now being performed with systems containing up 
t o  200,000 stars. 
The same holds f o r  t h e  r e s u l t s  given by Hohl ( r e f .  8) 
To reduce c o l l i s i o n a l  e f f e c t s  t h e  calcu- 
The r e s u l t s  
Figure 4 shows t h a t  t h e  s p i r a l  s t ruc tu re  now has 
The number of stars w a s  increased t o  10,000 and t h e  r e s u l t i n g  
Thus, it 
n ro t a -  
Figure 1 shows t h a t  a t  t = 6~~ 
To keep t h e  system c o l l i s i o n l e s s  f o r  
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An in t e re s t ing  point i s  t h a t  a l l  systems invest igated which have an 
i n i t i a l l y  elongated d i s t r ibu t ion  and a given solid-body ro t a t ion  go through an 
g o  i n i t i a l  evolution s imilar  t o  t h a t  shown i n  f igu re  6 
t = 0.757, t he  system shows a s t ruc ture  nearly i d e n t i c a l  t o  t h a t  of t he  
pecul iar  galaxy (GB1)  discussed by Burbidge, Burbidge, and Shelton ( r e f .  10). 
Another such in tegra l - s ign  shaped galaxy i s  NGC 4636/7 reproduced i n  the  Hubble 
Atlas ( r e f .  11). Figure 6 shows tha t  a t  t = 3.07 
t o  overlap and give t h e  appearance of a c i rcu lar  r i n g  separate  f r o m t h e  
nucleus, present ing a shape s i m i l a r  t o  NGC 3145 ( r e f .  11). A t  t = 4 . 0 ~ ~  t h e
system shows a s t ruc ture  s imilar  t o  NGC 5194 ( r e f .  11). 
i s  t h a t  at 
t = 3.757,, a f t e r  l e s s  than one ro ta t ion ,  the s p i r a l  s t ruc tu re  i s  again very 
pronounced. This phenomena appears t o  reoccur from t = 4.507 t o  
t = 6 . 0 0 7 ~ .  However, a t  t = 6.001- co l l i s iona l  e f f e c t s  (o r  computer noise)  
have already appreciably a f fec ted  the  evolution of t h e  system. 
expects t h a t  f o r  t h e  ca lcu la t ions  present ly  i n  progress with 100,000 stars, 
c o l l i s i o n a l  e f f e c t s  w i l l  be small enough so  t h a t  several  such t r ans i t i ons  from 
a r i n g  shape t o  a s p i r a l  s t ruc ture  can be  observed. Such repeat ing densi ty  
waves r e s u l t i n g  i n  s p i r a l  s t ruc ture  w i l l  prevent t h e  arms from winding up. 
This ove ra l l  p i c tu re  i s  i n  agreement with the theory of Lin and Shu ( re f .  12)  
where t h e  stars p i l e  up f o r  a ce r t a in  time i n  t h e  spiral-shaped po ten t i a l  
wells.  The evolution of t h e  ve loc i ty  d i s t r ibu t ion  i n  Vx - Vy space i s  
shown i n  f i g u r e  7. A t  t = 0.257 t h e  system shows an in t e re s t ing  s t ructure .  
Condensation i n  ve loc i ty  space has occurred and s t r i a t i o n  appears i n  the  
ve loc i ty  d i s t r ibu t ion .  
A t  up t o  t = 1.01- 
t h e  two s p i r a l  arms begin g 
An in t e re s t ing  point 
t = 3 . 0 ~ ~  t h e s p i r a l  s t ruc ture  has almost disappeared and at 
g 
g 
The author 
g 
The corresponding evolution i n  Vr - (Ve 
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ve loc i ty  space i s  shown i n  f igure  8. 
a f t e r  t h e  f i r s t  3 ro ta t ions .  
This d i s t r ibu t ion  shows l i t t l e  change 
One might expect t h a t  t h e  appearance of t he  two-arm s p i r a l  s t ruc tu re  
shown i n  f igure 6 depends on t h e  i n i t i a l l y  elongated d is t r ibu t ion .  
not t h e  case a s  i s  i l l u s t r a t e d  i n  f igure  9. 
a 10,000-star system w i t h  an i n i t i a l l y  uniform d i s t r i b u t i o n  over a c i r cu la r  
region and with an i n i t i a l  so l id  body ro t a t ion  equal t o  t h a t  required t o  
balance gravitation, t h a t  is ,  LU = LU = 4rrGNm. For t h e  f i r s t  two ro t a t ions  
t h e  evolution of t h e  balanced cylinder i s  very s imi la r  t o  t h a t  of t he  
2000-star system presented by Kockney ( r e f .  6 )  and Hohl (ref. 8). Figure 10 
shows t h e  evolution of such a 2000-star system i n  x-y coordinate space. 
For t h e  2000-star system it i s  found t h a t  t h e  r e l a t i v e l y  small fou r th  mode 
surface wave around t h e  periphery of t h e  cyl inder  quickly change t o  a second 
mode surface wave (egg shape), then a l l  s t ruc tu re  i s  l o s t  and t h e  system 
f i n a l l y  assumes a c i r cu la r  shape. Figure 9 shows t h a t  t h e  evolution i s  q u i t e  
d i f f e ren t  when c o l l i s i o n a l  e f f e c t s  a r e  reduced. The four th  mode surface wave 
now continues t o  grow and a f t e r  f i v e  r o t a t i o n s  a four-arm s p i r a l  begins t o  
form. 
has assumed a bar  shape. 
would form. 
co l l i s iona l  e f f e c t s  have increased t h e  random or thermal ve loc i ty  t o  such an 
extent that  they a r e  of t h e  same magnitude as t h e  r o t a t i o n a l  v e l o c i t i e s  and t h e  
model no longer simulates a c o l l i s i o n l e s s  system. Nevertheless, f i g u r e  9 shows 
t h a t  t h e  second mode surface wave w i l l  f i n a l l y  dominate. 
t he re  i s  l i t t l e  change of t h e  d i s t r i b u t i o n  i n  
f irst  3 rotat ions.  
This i s  
Figure 9 shows the  evolution of 
After about 8 ro t a t ions  two of t h e  arms have disappeared and t h e  system 
One would now expect t h a t  a two-arm s p i r a l  s t r u c t u r e  
However, f igures  11 and 12 shows t h a t  a f t e r  about nine r o t a t i o n s  
Figure 11 shows t h a t  
ve loc i ty  space f o r  t h e  Vx - Vy 
After t h a t  time condensation i n  ve loc i ty  space begin t o  
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occur. 
there  i s  an almost l i nea r  increase i n  t h e  random or thermal motion of t h e  mass 
rods. 
The evolution of t h e  random veloci ty  shown i n  figure 12 shows t h a t  
I 
It would be more appropriate t o  simulate s p i r a l  galaxies  by means of a 
model using f i n i t e  length mass rods or even point masses moving i n  a plane. 
I 
The two-dimensional model does simulate sp i r a l  s t ruc tu re  and shows t h a t  two-arm 
s p i r a l s  are very l i k e l y  t o  occur. However, whether t h e  two-dimensional model 
I cor rec t ly  simulates some of t h e  more refined proper t ies  of s p i r a l  galaxies  can 
only be determined by repeat ing t h e  calculat ions with a model of f i n i t e  length 
rods or point  masses. 
t h e  so lu t ion  of t h e  Poisson equation i s  r e l a t i v e l y  simple. Since it was found 
t h a t  t h e  number of stars required t o  simulate a co l l i son le s s  system f o r  a suf- 
The reason f o r  using t h e  two-dimensional model i s  t h a t  
f i c i e n t l y  long time i s  of t h e  order of 100 000, t h e  time used f o r  solving t h e  
Poisson equation represents  only a very small port ion of t he  cycle time. The 
addi t iona l  time required f o r  obtaining t h e  po ten t i a l  d i s t r i b u t i o n  f o r  point  
masses w i l l ,  therefore ,  no longer be an important fac tor .  For t h i s  reason 
fu tu re  ca lcu la t ions  w i l l  be performed f o r  systems of f i n i t e  length rods and 
point  masses moving i n  a plane. 
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